We calculate the nucleon parameters in symmetric nuclear matter employing the QCD sum rules approach. We focus on the average energy per nucleon and study the equilibrium states of the latter. We treat the matter as a relativistic system of interacting nucleons. Assuming the dependence of the nucleon mass on the light quark mass m q to be more important than that of nucleon interactions we find that the contribution of the relativistic nucleons to the scalar condensate can be expressed as that caused by free nucleons at rest multiplied by the density dependent factor F (ρ). We demonstrate that there are no equilibrium states while we include only the condensates with dimension d ≤ 3. There are equilibrium states if we include the lowest order radiative corrections and the condensates with d ≤ 4. They manifest themselves for the nucleon sigma term σ N > 60 MeV. Including the condensates with d ≤ 6 we find equilibrium states for σ N > 41 MeV. In all cases the equilibrium states are due to relativistic effects since the equilibrium can not be reached if one puts F (ρ) = 1.
Introduction
The vacuum QCD sum rules enable to express the characteristics of the observed hadrons in terms of the vacuum expectation values of the QCD operators, also known as condensates. The method was employed for calculation of the meson and nucleon characteristics [1] , [2] (see also [3] ). Later the approach was extended for the case of finite baryon density. The list of references is presented in the review paper [4] . The idea of QCD sum rules in nuclear matter is to express the self energies of the probe proton in terms of the in-medium QCD condensates. Here we include only the contributions corresponding to the 2N forces.
We gave a short review of the approach in Introduction of our recent paper on the subject [5] . Here we just recall the main points. In the vacuum sum rules one starts with building of the function Π (0) (q) which describes the time-space propagation of the system with the proton quantum numbers carrying the four-momentum q. It contains two scalar functions Π 
i (q 2 ) can be calculated as a power series of q −2 with QCD condensates as the coefficients of the expansion. The latter is known as the Operator Product Expansion, OPE [6] . The imaginary parts of Π (0) i (q 2 ) on the right hand sides of the dispersion relations are formed by the real physical states with the quantum numbers of the proton. We separate the lowest lying pole corresponding to the probe proton. The higher states are approximated by continuum.
In nuclear matter we introduce the 4-vector P = (m, 0) with m being the vacuum value of the nucleon mass (we neglect the neutron-proton mass splitting). There are three structures of the function Π(q) proportional to the matricesq,P and I, i.e. Π(q, p) =qΠ q (q, P ) + P Π P (q, P ) + IΠ I (q, P ). To separate the singularities connected with the probe nucleon from those connected with the matter itself we fix the value s = (q + P ) 2 putting s = 4m 2 . Thus we consider Π i (q, P ) = Π i (q 2 , s) with i = q, P, I and analyze the dispersion relations in q 2 for the functions Π i (q 2 , s). The Borel transformed sum rules take the form Each condensate can be presented as
with η (0) = η(0) the vacuum value of η, while η m (ρ) is caused by the nucleons of the matter. Some of the condensates obtain nonzero values only for ρ = 0, i.e. η (0) = 0. The condensates of the lowest dimension d = 3 are the vector and scalar quark expectation values v(ρ) = M| iq i γ 0 q i |M and κ(ρ) = M| iq i q i |M . Here |M is the vector of state of nuclear matter, the sums are carried out over the quark flavors. The vector condensate is model independent. It is just
with n v = 3 the number of the valence quarks in nucleon. Thus the vector condensate is exactly proportional to the nucleon density. Calculation of the scalar condensate requires certain assumptions on the structure of the state |M . It can be written as
with
.. the density of the QCD Hamiltonian. Here the dots stand for the terms which do not depend on the masses of the light quarks m u and m d . The Hellmann-Feynman theorem [7] enables to tie the scalar condensate with the energy density E of the matter
(the derivatives of the vectors of state M| and |M cancel). Hence
In the papers [4] , [5] , [8] we started the analysis treating the nuclear matter as a gas of free noninteracting nucleons. Thus
Here κ(0) = 0|ūu +dd|0 . Neglecting the small SU(2) breaking effects we can put κ(0) = 2 0|ūu|0 = 2 0|dd|0 . The conventional value is κ(0) = 2(−240MeV ) 3 [3] . The energies E (0) p of free nucleons with three momenta p are summed over the nucleons of the matter. Neglecting the Fermi motion of the latter we put E p = m and
with σ N the nucleon sigma term [9] . We can write Eq. (8) as
where |N is the free nucleon at rest, and
In next steps we added the energy E (π) of the pion exchanges between the nucleons in the state |M to the energy E (0) . We employed the nonrelativistic results of [10] for E π . In the present paper we follow another strategy. We assume the state |M to be formed by interacting relativistic nucleons. The nucleon interactions change their mass m to m * , and the density of energy of nuclear matter can be written as
with E(p) = p 2 + m * 2 + Σ V with Σ V caused by the vector interactions while E int = −Σ V /2 − Σ S /2 enables to avoid double counting of the nucleon interactions. The Fermi momentum p F is connected with baryon density ρ by relation
Our assumption is that the main dependence of the energy E on the quark mass m q is contained in the nucleon mass m. This enables us to put ∂E int /∂m q = ∂Σ V /∂m q = 0 and also to neglect the quark mass dependence of interaction which shifts m to m * , i.e. to put ∂m * /∂m q = ∂m/∂m q .
The self consistency of the approach requires that the diagrams shown in Fig. 1 exhibit weak dependence on the values of the quark masses. The estimation made in [11] show that (m/Π i )∂Π i /∂m u,d ≪ 1, and such contributions can be neglected. Also, the assumption is supported by relatively small contribution of the pion interactions to the condensate κ(ρ) found in [10] .
Thus, employing Eq. (6) we obtain
with σ ef f
Here
the Lorenz factor of the nucleon moving with the velocity v = p/m * . We can present also
The function F (ρ) defined by Eq. (16) also ties the baryon and scalar densities in the mean field solution of the scalar-vector model of nuclear matter, known also as the Walecka model [12] . Note that F (ρ) = 1 in the nonrelativistic limit p F ≪ m * . Since the function F (ρ) depends explicitly on the nucleon effective mass m * , we shall write it sometimes as F (ρ, m * (ρ)) employing also the notations κ 
The first and the last equations just tie the nucleon parameters with the vector condensate v(ρ). The second one contains dependence on m * (ρ) in both sides. Thus, solving Eqs. (19) we self consistently find the nucleon parameters and the in-medium scalar condensate κ(ρ).
The values of nucleon parameters depend on the value of nucleon sigma term σ N . The conventional value is σ N = (45 ± 8) MeV [9] . However some recent results [13] are consistent with smaller values, i.e. σ N = (44 ± 12) MeV. Also, one can meet the larger values of σ N in literature (see, e.g. [14] ). The value σ N = (66 ± 6) MeV [15] is the largest one. We consider the values of the sigma term in the interval
We shall include consequently the condensates of higher dimension and the radiative corrections in calculation of nucleon parameters. Besides calculation of the vector self energy Σ V and the effective mass m * we find also the average energy per nucleon B. While we include only the condensates with d ≤ 3 the energy B(ρ) has no minimum, and the matter does not have an equilibrium state. In next step we include the radiative corrections and the condensates with dimension d = 4. The energy B(ρ) obtains a minimum with B < 0 only for σ N ≥ 60 MeV, i.e. near the upper limit of the interval determined by Eq. (20) .
The condensates with dimension d ≤ 4 are calculated to large extent in a model-independent way. Inclusion of the four quark condensates which have dimension d = 6 requires model assumptions on the nucleon structure. We employ a relativistic quark model suggested in [16] . The nucleon is considered as a system of three relativistic valence quarks moving in an effective static field. The valence quarks are supplemented by the pion cloud introduced with requirements of the chiral symmetry. Including the condensates with dimension d = 6 we find equilibrium states of the matter for all σ N ≥ 41.2 MeV.
Note that in the present analysis we include only the contributions corresponding to the 2N interactions between the probe proton and the matter. Thus each QCD condensate is the sum of its vacuum value and the expectation value of the same operator summed over the nucleons of the matter. These is known as the gas approximation. The condensates are linear in ρ in the nonrelativistic gas approximation.
We give some general equations in Sec. 2. In Sec. 3-5 we calculate the nucleon parameters m * and Σ V and the energy per nucleon B including consequently the condensates of the higher dimension. We summarize in Sec. 6.
General equations
Each of the terms on the right hand sides of expressions composing Eq. (2) can be presented as
see Eq. (3). Here
is caused by nucleons of the matter. Note that C 
Here 
with the coefficients c X d obtained in [17] (see also [3] ). This provides m = 928 MeV for the value of the nucleon mass. We carry out the calculations consistently in framework of the QCD sum rules and employ this value for the nucleon mass. We shall add consequently the terms A 
The unknown W 2 m ties the two equations. Neglecting the in-medium shift of the vacuum threshold W 2 0 , i.e. putting W 2 m = W 2 0 we find two independent expressions for the nucleon parameters. One can see that m * and Σ V do not exhibit linear dependence on ρ even if we put F = 1 and include only the linear ρ dependence of the condensates (the nonrelativistic gas approximation).
The matter has an equilibrium bound state at ρ = ρ eq if the average binding energy per nucleon
reaches the minimum value at this point, i.e. dB/dρ| ρ=ρeq = 0, and B(ρ eq ) < 0. The phenomenological equilibrium value is ρ 0 = 0.17 fm −3 ,
with B(ρ 0 ) ≈ −16 MeV (see e.g. [22] ). The shape of the curve B(ρ) is described by the compressibility
at ρ = ρ eq and p F = p F eq , and p F eq is connected with ρ eq by Eq. (13) . The empirical value is K ≈ 270 MeV.
To calculate E in terms of m * (or Σ S = m * − m) and Σ V we write the wave equation for the probe nucleon corresponding to Eq. (1).
The bispinor u is normalized by conditionūγ 0 u = 1. Here |q| = p F since we place the probe nucleon on the Fermi surface. Thus the energy of the probe proton is
with m * and Σ V the effective mass and the vector self energy defined by Eq. (24). Writing similar equations for the nucleons in the state |M we find for the energy density
Recall that in nuclear matter the self energies Σ V and Σ S do not depend on p. Employing the equalitiesūu = m
with F (ρ) defined by Eq. (16) . This enables us to calculate B(ρ) following the definition (25).
with Σ S (ρ) = m * (ρ) − m.
Inclusion of condensates of the lowest dimension
Here we include only the contributions of condensates with d = 3. These are the vector and scalar condensates v(ρ) defined by Eq. (4) and the scalar condensate determined by Eqs. (14) and (15) 
. 
where G µν is the tensor of the gluon field, a is the color index -see Fig. 1d . In the gas approximation
Another type of contributions come from the nonlocality of the vector condensate M|q(0)γ 0 q(x)|M . Numerically most important ones can be expressed in terms of the moments M n = dαf (α) = n q (n q = 3 is the number of valence quarks in a nucleon). The most important contribution is provided by the second moment M 2 = 0.32 [20] 
Solving Eqs.
(1) we find that the matter has equilibrium states for the values of σ N close to the upper limit of the interval determined by Eq. (20) . The energy B obtains a minimum for σ N ≥ 60 MeV -see Fig. 3 . The value of ρ eq is very close to the phenomenological equilibrium value ρ 0 for σ N ≈ 65 MeV. We find ρ eq = 0.95ρ 0 for σ N = 64.5 MeV with B min = −15.8 MeV. Note that the existence of equilibrium states is due to the Lorentz transform of the three momenta and energy of the in-medium nucleons. There are no equilibrium states for F = 1 -see Fig. 3 .
In Fig. 4 we present the results for nucleon parameters for σ N = 65 MeV with ρ eq = 0.99ρ 0 and B min = −17.8 MeV. In Fig. 4a . we show the density dependence of the vector self energy Σ V , for the nucleon effective mass m * and for the single-particle potential energy U(ρ) = Σ V (ρ) + Σ S (ρ). In Fig. 4b we demonstrate the density dependence of the residue λ 
Inclusion of the four-quark condensates
Now we include the terms with dimension d = 6. These are the four-quark condensates -see Fig. 1e . Since we are calculating the contribution of the 2N interactions, we must include only the configurations in which all four quark operators act on the same nucleon of the matter.
The further analysis requires model assumptions on the quark structure of the nucleon. As we said in Introduction, we employ a relativistic quark model suggested in [16] . The nucleon is considered as a system of three relativistic valence quarks moving in an effective static field. The valence quarks are supplemented by the pion cloud introduced with requirements of the chiral symmetry. The meson cloud is included in the lowest order of the perturbation theory. We employ the model in the version suggested in [20] were the authors did not solve the Dirac equation for the given form of the effective field, but postulated the Gaussian shape of the constituent quark density.
The contributions of the four-quark condensates can be presented as
with s = 4m 2 , a = −(2π) 2 0|qq|0 ≈ 0.55GeV 3 . The dimensionless parameters A q = −0.10, B q = 1.80 and C q = −0.88 were obtained in [21] . Now the matter has equilibrium states for σ N ≥ 41.2 MeV -see Fig. 7 . As in the previous case, there are no equilibrium states if we put F (ρ) = 1.
We find B min = −16.1 MeV for σ N = 43.6 MeV. The latter number is close to the conventual value σ N = 45 MeV. The corresponding equilibrium density is ρ eq = 1.50ρ 0 . The compressibility K > ∼ 3 GeV.
In Fig. 8a we present the results for the vector self energy Σ V , for the nucleon effective mass m * and for the single-particle potential energy U(ρ) = Σ V (ρ) + Σ S (ρ). In Fig. 8b we demonstrate the density dependence of the residue λ Equations (24) enable us to write the physically motivated parametrization for the nucleon parameters.Since the shift of the threshold W 2 m − W 2 0 is small, it can be treated perturbatively and can be assumed to be proportional to ρ (see Fig. 8b ). Start with expression for Σ V . Since L P and L q are linear in ρ we write immediately
with a q , a V the coefficients which chosen for the best fitting of the right hand side. Turning to expression for m * we see that L I also contains the terms which are proportional to ρ. They are caused by the four-quark condensates and by the finite value of the shift W 
We find that for σ N = 43.6 MeV a q = −0.190; a V = 186 MeV. The effective mass is well approximated by the choice a 
S reflects the cancelation of the two types of contributions. The scalar self energy can be thus presented as
with a S is proportional to σ N . Other parameters exhibit weak dependence on the value of sigma term.
In Fig. 9 we present dependence of B min on the value of σ N . The dependence of ρ eq on σ N is shown in Fig. 10 .
Summary
We calculated the nucleon parameters in symmetric nuclear matter focusing on the average energy per nucleon B. We include only the contributions corresponding to the 2N forces. Analysis of the behavior of the energy B(ρ) enabled us to investigate the equilibrium states of the matter.
We use the finite density QCD sum rules method. In this approach the nucleon parameters are expressed in terms of the QCD condensates. The lowest dimension condensates (d = 3) are the vector and scalar expectation values. Calculation of the scalar condensate requires certain assumptions on the structure of the matter. We treat the matter as a relativistic system of interacting nucleons. This differs from the previous QCD sum rules studies which start with considering of the polarization operator in the system of nonrelativistic free nucleons. The Hellmann-Feynman theorem ties the scalar condensate with the derivative of the relativistic energy density with respect to the light quark mass. We assume that the dependence of the energy density on the light quark mass is dominated by that of the nucleon mass. The contribution of the nucleon interaction is relatively small. The assumption is consistent with the result that the model calculations provide small contribution of nucleon interactions to the scalar condensate. This enables us to express the scalar condensate as the product of the nucleon matrix element κ N and the function F (ρ) which can be expressed in terms of the Lorentz factors of the nucleons of the matter -Eq. (18) . The same function F (ρ) ties the baryon and scalar densities in the scalar-vector model of nuclear matter [12] . The nucleon matrix element κ N can be expressed in terms of the observable nucleon sigma term σ N .
We start with condensates of dimension d = 3 adding consistently those of the higher dimension. We find that B(ρ) > 0 if only the condensates with d = 3 are included. Thus there are no equilibrium states. Including the condensates with dimension d = 4 and the lowest order radiative corrections we find the equilibrium states for the values of σ N near the upper limit of the interval determined by Eq. (20) . For σ N = 65 MeV the equilibrium density surprisingly close to the phenomenological value ρ 0 , i.e. ρ eq = 0.99ρ 0 . The average energy per nucleon B(ρ eq ) = −12.7 MeV. The values of m * and Σ V are close to those provided by the Walecka model at its saturation point.
The contributions of the condensates with d ≤ 4 are obtained in a model independent way. The calculation of the four-quark condensates (d = 6) requires model assumptions on the quark structure of the nucleon. We employ the relativistic quark model suggested in [16] , [20] . Since we consider only the 2N contributions, we include only the configurations in which all four quark operators act on the same nucleon of the matter. We find equilibrium states of the matter for all σ N > 41 MeV. The equilibrium with B(ρ eq ) = −16.1 MeV is realized at σ N > 43. 6 MeV, very close to the conventional value. For this value of the sigma term ρ eq = 1.50ρ 0 . The values of m * and Σ V differ by about 20 percent from those given by the Walecka model. However the values of the potential energies U(ρ eq ) in the two approaches are very close. In all cases the compressibility is about an order of magnitude larger than its empirical value.
Note that putting F (ρ) = 1 we find no equilibrium states. Thus the saturation is an essentially relativistic effect in our approach, similar to the Walecka model.
To find the contribution of the 3N interactions we must include the configurations of the four-quark condensates where two pairs of quark operators act on two different nucleons of the matter. This will be a subject of next work. 
